Controlling heat flow using nanophononic materials and devices is growing more and more appealing due to its broad applications in energy conversion and modern computations, including thermoelectrics, thermal cloak, thermal logic gate and thermal diodes [1] [2] [3] [4] [5] [6] [7] [8] . For thermoelectric applications, one needs materials with high electronic power factor, as in crystals, but low thermal conductivity (TC) as in a glass [9] . Designing the TC of a crystalline system to approach or even be lower than the corresponding amorphous limit remains an open challenge both conceptually and technically [10] . The most common route to reduce TC is to exploit phonon scattering at interfaces in nanostructured composites or superlattices [11] [12] [13] [14] . In general, only a limited range of phonon frequencies get scattered e ciently, typically at relatively high frequency, above 1 -2 THz. Nevertheless, low frequency modes also have a significant contribution to the total TC due to their long mean free path (MFP) [15, 16] . The best results along this line were obtained using hierarchical structures in heavy element materials, which introduce scatterers from the mesoscale to the atomic scale [17] . In silicon based materials this approach was followed by synthesizing SiGe nano composites [18] , superlattices [13] and silicon nanomeshes [19, 20] . However in most cases grain boundaries, inclusions and pores have a negative impact on electronic transport, thus hampering the thermoelectric performance.
As an alternative, the phonon resonant e↵ect in metamaterials [21, 22] has been recently proposed for TC design [23, 24] . With a careful design of resonant structures, a set of resonant frequencies can be obtained, evidenced by a set of flat bands in the phonon dispersion. Due to the band anti-crossing, the resonances interact with the propagating modes and reduce their phonon group velocities. This method allows for manipulating waves with wavelengths much larger than the structural features of the system [25] : low frequency resonances can be easily introduced with small resonant structures.
Branched nanowires (NWs) have been synthesized by the Dislocation-Driven mechanism [26] and the VaporLiquid-Solid process [27] [28] [29] . Standing waves (resonances) can be generated inside the branches due to the total reflection of waves at the end of branches. As a result, branched NWs provide an ideal platform for phonon resonance studies and for low TC design. In this work, we report a systematic study on heat transport in Si based resonant structures. Our molecular dynamics (MD) simulations show that branched NWs can indeed produce numerous resonances in a broad frequency range. Those resonances interact with phonons in the main NW and reduce their group velocities. The heat flow in the main NW can be manipulated through the design of adequate resonators. We propose a promising methodology to block phonon transport at both low and high frequencies: an extremely low TC of 0.9 W/m·K in SiGe alloy crystalline NWs has been achieved with a combination of the phonon resonant and scattering e↵ects.
We first created NWs in the h100i orientation with a periodic set of branches outside the NWs. The crosssection of the main NW is a square with an edge length L e = 4.34 nm. The branches also have a squared crosssection with an edge length L bs = 1.09 nm and the height 1 of the branches is set to L h = 1.63 nm. To investigate the e↵ect of the number of branches on thermal transport, we designed a set of NWs with branches on one side, two sides, and four sides of the main NW. Sketches of a two-side branched NW are shown in Figure 1(a)-(b) . Simulations are carried out with the LAMMPS code [30] . The atomistic 3D models of NWs and simulation details can be found in the Supplementary material. We calculated the TCs from equilibrium molecular dynamics simulations. The TC of the one-side, two-side, and four-side branched NWs as a function of the period length is depicted in Fig. 1(d) . For reference, the TC of the pristine NW computed with the same approach is 19.8 W/mK. This value is comparable to those obtained in former simulations of square-section Si NW with similar small diameter [31] . Experimental estimates for so thin NWs are currently not available, and it is worth stressing that our pristine reference model exhibits perfect flat surfaces, which may not be attainable in experiments [32, 33] (See discussions in Supplementary material). The TC of branched NWs is much smaller than that of the pristine NW, especially at short period lengths. With the increase of the period length, TC increases gradually for all cases. Besides, TC is also reduced when more sides of the NW are branched due to the increased hybridization, which further reduces the group velocity as will be discussed later.
Since more branches produce stronger hybridization, we extend the branched structure to square wall surrounded structures (hereafter referred as "surrounded NWs", see Fig. 1 (c) and Fig. S1 ), to further promote the TC reduction. The thickness of the walls is 1.09 nm while their height is 1.63 nm, i.e. the same dimensions as the studied branches. This structure can be fabricated by VLS method with the catalysis di↵usion technique [34] . As expected, the TC is further reduced at all periods when compared to all other cases ( Fig. 1(d) ). The TC reduction can reach up to 67% at the period of 2.17 nm compared to the one of the pristine NW. The increased anharmonicity at high temperature will reduce the relative TC reduction in resonant NWs. However, due to the strong hindering of low frequency phonons, the relative TC reduction in the surrounded Si NWs with respect to the value of the pristine Si NW can still be 50% at 800 K (Fig. S5) . It is worth noting that the shape of the resonant nanostructures does not a↵ect TC significantly. This is evidenced by the same TC of the square and circle wall surrounded Si NWs (Fig. S4) . The TC reduction magnitude achieved solely by introducing the resonant structures here is comparable to the one achieved in the surface engineered NWs [31] . z is the periodic and the phonon transport direction.
To deeper understand the origin of the phonon resonant e↵ect, we calculated the phonon dispersion relations and the group velocities v g of di↵erent structures based on Harmonic Lattice Dynamics [36, 37] . The comparison of phonon dispersion relations between the pristine structure and the two-side branched structures with 2 : L p = 2.17 nm is illustrated in Fig. 2(a)-(c) , where
. With the addition of periodic branches on the main NW surfaces, a series of resonant flat bands crossing the entire Brillouin zone are generated. The resonant modes hybridize with the modes of the main wire due to the band anti-crossing e↵ect, which occurs when two modes with the same polarization located on di↵erent objects are coupled together at the same frequency. Specifically, in our case, if a resonant mode from the pillars has the same polarization as a propagating mode in the main NW, they will hybridize and form two new modes (up and down branches) when their frequencies converge. This leads to the formation of mini band gaps, the widths of which depend on the coupling/hybridization strength as observed both in theoretical models [38] [39] [40] [41] , and experimentally [42, 43] in acoustic metamaterials.
To provide a picture of how propagating modes hybridize with the resonant modes, we have visualized the modes indicated by the symbols in Fig. 2(b) . The hybridization e↵ect between the longitudinal acoustic (LA) mode and the lowest resonance is examined by the eigenvectors. Starting from the mode far away from the resonant frequency (circle), a pure LA mode can be identified from Fig.2 (e): all atoms vibrate along the phonon transport direction z with the same amplitude, following the feature of the LA mode. For the mode on the resonant flat band (triangle, a bending mode), it only distributes on the resonant branches; no atoms in the main NW participate in the vibration (Fig.2(g) ). A hybridized mode resulting from the coupling between the LA mode and the resonant phonon can be identified near to the resonant frequency (square, Fig.2(f) ), where the mismatch in the vibrational amplitudes in the main NW and in the resonator results in a reduced v g . The e↵ect on the higher energy side of the resonance is similar to that on the lower energy side but the atom vibrations in the main NW and on the branches are in opposite phase (Fig.2(h) ). The enhanced hybridization e↵ect produced by increasing the number of branches is evidenced by the reduced v g in more sides branched NWs ( Fig. 2(d) ). A stronger hybridization enlarges the resonant mini gaps as can be seen from the group velocities by polarization in Fig. S3 .
The proposed resonant structures o↵er several advantages in manipulating phonon transport. Firstly, the resonators can produce numerous resonant frequencies in almost the entire frequency range. As a result, the phonon group velocity can be dramatically suppressed at both superwavelength and subwavelength frequencies ( Fig. 2(d) ). Secondly, the resonant frequency can be tuned by altering branch size and material. The comparison between Figs. 2(b) and (c) provides a clear picture of the size e↵ect: when the branch height doubled from 1.63 nm to 3.26 nm, the lowest resonant frequency shifts from 0.2 THz to 0.06 THz. The increased size of resonators will also increase the number of resonances. One can therefore adjust the number and the frequency of resonances by modifying the size of the resonant structures. Consequently, the TC can be easily designed and the heat flow in the main wire can be controlled in a more accurate way. Another important feature of this structure is that the low frequencies can be easily manipulated with small branches, which yields the third advantage of the structure. As discussed above, the lowest resonant frequency can reach down to 0.2 THz with a branch height L h = 1.63 nm and even to 0.06 THz with L h = 3.26 nm. The ability of manipulating such low frequencies with small branches is the key advantage of the resonant mechanism over the scattering mechanism, where the size of scattering sources has to be larger than or comparable to the phonon wavelength. Generally, the phonon scattering mechanism provides an e cient way to block the high frequency phonons while it remains challenging in dealing with phonons with, for example, f 6 2 THz in Si NWs [44] and carbon nanotubes [45] . In contrast with scattering strategies, where the scattering source is located inside the material, the resonant mechanism applies the wave nature of phonons and is produced from a position outside from the main structure. As a result, resonators are not supposed to scatter electrons. Although there is a substantial modification of phonon band structure by resonances, first principle calculations on core-shell NWs [46, 47] and elastic theory studies on superlattices [48] have shown that phonon band modifications also have a minor e↵ect on electrical conductivity.
To achieve the most e↵ective reduction of TC, one should design a material in which contributions from both high and low frequency modes are reduced. Since the scattering mechanism is e cient to block high frequency modes and resonances can stop low frequency phonons promisingly, the combination of both e↵ects provides the possibility to block phonons in the full frequency range. Alloying is one of the most e cient ways to scatter high frequency phonons. As a consequence, we have designed a set of surrounded Si 1 x Ge x NWs with Ge concentrations ranging from 0 to 1. Fig. 1 (e) reveals Ge concentration dependent TCs for the pristine and surrounded NWs. The TC of the amorphous Si NW of the same size (1.7 W/m·K) calculated at 300 K with the same method is shown as the dashed line for comparison. The TC of pure Si/Ge can be extensively reduced down to 2.5 W/m·K with Ge concentration in the range of 0.3-0.7. Although extremely low TCs have already been obtained via alloy scattering, those values can still be reduced by a factor of two with the introduction of surrounded walls of 1.63 nm in height. The simulated surrounded alloy NWs have TCs below the amorphous Si NW limit except in the case with x = 0.1. This indicates that adding resonant structures could be crucial for improving the thermoelectric performance of SiGe alloys. Since the height of the walls can modify the resonant frequency, we also simulated the surrounded SiGe 3 mechanism NWs with doubled wall height. Due to the modification of low frequency resonances, the TC is further reduced and a value of 0.9 W/m·K is obtained. This extremely low value is about half of the corresponding amorphous Si NW TC and 36% of the SiGe alloy NW minimum. In other words, the combination of phonon resonant and scattering mechanisms produces a 22-fold decrease of the pristine Si NW TC. To quantitatively clarify the respective role of phonon scattering and resonant e↵ects on the TC reduction, we calculated the length dependent phonon transmission functions (Fig. 3) from Non-Equilibrium Molecular Dynamics (NEMD) [49, 50] (details in Supplementary material). The ballistic transmission, which is essentially the number of modes in the leads, is shown in all cases to facilitate the comparisons. Due to the anharmonic e↵ect, the transmission of the high frequency phonons in the pristine Si NW decreases when the sample length increases (Fig. 3(a) ). However, ballistic transport can be clearly observed below 1 THz, where the transmission is only slightly decreased even for the NW length of 1 µm. In the surrounded Si NW (Fig. 3(b) ), the most noticeable di↵erence with the pristine Si NW case is that the transmissions at frequencies smaller than 4.5 THz are significantly suppressed. This phenomenon demonstrates the importance of the resonant e↵ect at low frequencies, where the number of phonon branches are small but group velocities are large. Contrary to the features in surrounded Si NWs, the transmission in the Si 0.5 Ge 0.5 NW is dramatically reduced at high frequencies even at a very short length (Fig. 3(c) ). However, similar to the pristine Si NW case, ballistic transport is preserved below 1 THz. The strong transmission reductions at low frequencies caused by the resonant e↵ect and at high frequencies due to the scattering e↵ect finally result in reduced transmissions in the whole frequency range in the surrounded Si 0.5 Ge 0.5 NWs (Fig. 3(d) ). Note that in the alloyed cases (both pristine and surrounded), the modes at high frequencies (typically above 10 THz) are not propagating modes due to the introduction of heavy Ge atoms. This is evidenced by the extremely low transmission even with a sample length of only 3.8 nm. From the length dependent transmission functions, we evaluated the frequency resolved phonon MFPs using Eq. S4 [45, 50] . As revealed in Fig. 4 , the MFP of the pristine Si NW increases rapidly as frequency shifts below 4 THz. When adding the resonant structure on the surface of Si NWs, the MFP above 4 THz is reduced roughly by one half. MFPs of the low frequency phonons are even more reduced by orders of magnitude. Instead, if the scattering sources (Ge atoms) are embedded in the Si NW, the MFP is greatly reduced above 2 THz, while it is not significantly a↵ected below 2 THz. The comparisons among the three samples provide another evidence that the scattering and resonant mechanisms appear as an ideal combination to design extremely low TCs. This statement is supported by the MFP of surrounded Si 0.5 Ge 0.5 NWs, where the MFP in the entire frequency range is reduced by orders of magnitude. The frequency response of MFPs on resonances and alloys is also revealed by the TC cumulative functions [51] (Fig. S6) .
In conclusion, we have performed MD simulations on the TC of Si based resonant NW structures, i.e., branched and wall surrounded NWs. The results reveal that phonon resonance is a powerful TC reduction mechanism.
Di↵ering from the commonly adopted scattering method, low frequency phonons can be easily manipulated with small resonators. Both the resonant frequency and strength can be tuned by changing the resonator size, o↵ering the freedom in controlling the heat flow more accurately. The combination of phonon resonant and scattering mechanisms yields a TC of 0.9 W/m·K, which is only 53% of the corresponding Si NW amorphous TC limit and 4.5% of the value of the pristine Si NW. This achievement relies on the hindering of phonon transport in the whole frequency range.
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The extremely low TC here obtained also supports the potential impact of resonator based structures on thermoelectric conversion.
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